We introduce a toy model of scalar particles with a trilinear scalar coupling in cosmology. The trilinear coupling φ 2 χ causes production of non-relativistic φ particles through the process χχ → φφ where, initially, only relativistic χ particles are present. We consider the initial times of χχ → φφ and observe that the curved space effects promote formation of Bose-Einstein condensate of φ particles.
I. INTRODUCTION
Observations suggest that ∼ 95 % of the universe consists of non-luminous energy densities, namely, dark energy and dark matter, and ∼ 5% consists of the usual matter (i.e. baryonic matter and radiation), and initially we had a era of cosmological exponential expansion, namely, cosmological inflation. The current standard model of that describes the observational picture at present is ΛCDM where dark energy is described by cosmological constant and dark matter is described by cold (i.e. low kinetic energy) dust that is made of dark particles, respectively [1] . ΛCDM has some serious problems. For example, if cosmological constant is adopted as dark energy then the cosmological constant problem arises [2] . It seems that the explanation of dark matter by cold ordinary type of particles also have some problems, such as, the problem of predicting too dense cores for the galaxies (i.e. core-cusp or cuspy halo problem), too many dwarf galaxies when compared with observations [3] . One of the most popular and preferred alternatives to ΛCDM are those that employ scalar fields (such as quintessence) for dark energy or dark matter or inflation, or for both. The standard framework for cosmic inflation is already a scalar field (or scalar fields) called inflaton.
In this type of models the scalar depends only on time, and only its perturbations (that correspond to cosmological perturbations) depends on the usual 3-dimensional coordinates (and time). This is a natural situation if the scalar field corresponds to a Bose-Einstein condensate state. This view is also supported by the equivalence of φ 4 theories at relativistic level to the Gross-Pitaevskii equation of Bose-Einstein condensation at non-relativistic level [4] [5] [6] . Many models of Bose-Einstein condensate scalar fields for dark matter, dark energy, and inflation are studied in literature [4, [7] [8] [9] . These models are mainly interested in manifestations of the Bose-Einstein condensation while the conditions for formation of the condensate are studied roughly. In fact the formation of the Bose-Einstein condensation (BEC) is not wholly understood yet in the sense that in all BEC formation studies one starts with an initial, already formed seed of BEC [10, 11] . Moreover, in all these models the formation and the evolution of the condensation is mainly studied at macroscopic level (i.e. at the level of number densities or distribution functions) while the dynamics of the condensation at microscopic level (i.e. at the level of particle physics) is not considered sufficiently.
The aim of this paper is to study the initial phase of formation of a scalar Bose-Einstein condensation in cosmology with particular emphasis on its microscopic description in particle physics. In our model formation and evolution of the condensate are induced by a φ 2 χ term in the Lagrangian. There are other studies in literature that study the effect of curved space on the decay rates for scalar fields conformally coupled to gravity [12] while, in this paper, we study the situation for scalars minimally coupled to gravity in an approximate cosmological setting that satisfy some relevant conditions. The remainder of this paper is organized as follows. In Section II we give the essential elements of the model. In Section III we show that all necessary pre-conditions for the formation of the condensation are satisfied in this model. In Section IV we conclude, and the technical details are studied in the appendices.
II. THE MODEL AND THE SCHEME
We take the Robertson-Walker metric
and for simplicity we take k = 0 which is in agreement with observations [13] . We consider the following action in this space
where prime denotes derivative with respect to conformal time η [14] and
We takeμ m φ ≪ 1,m χ ≪m φ , and assume that initially there are only χ particles (that may be identified by inflaton, curvaton or a decay product of inflaton). Then the leading order contributions to the production of φ particles are given in Figure 1 . Furthermore we assume that the rate of χχ → φφ is much larger than the Hubble parameter at the time of this process so that one may take the massesm χ ,m φ constant during each of the processes χχ → φφ while the time dependence is observed only at cosmological scales.
This condition may be expressed as the variation inm
baryons at present are > 10 8 (meter) −3 and ∼ 10 −1 (meter) −3 , respectively. It is evident that, by adjusting the values of cross sections and number densities accordingly, one may cover a much wider parameter space than those in the above examples. Therefore, this method can be used for a sufficiently wide range of models. The case ii) may be satisfied in a possible stiff matter dominated era (s = 3) after inflation or in the current accelerated expansion era, s = 0 ∼ 0 provided that m 2 χ ∼ 2H 2 0 . The quantum field theory in Minkowski space for interacting particles relies on the expression of interacting quantum fields in terms of interaction picture fields that evolve as free fields (with constant masses) [15] . That formulation does not require time independence of the coupling constant (namely, that ofμ in this case). However, if one wants a more standard formulation, constancy ofμ in each interval η i < η < η i+1 may be easily imposed in this formulation by requiring
It evident that (8) guarantees (7) while (7) does not guarantee (8) . The condition (7) has a wider scope since it may also be guaranteed by imposing 1 − (8) is much simpler. The additional possibility of 1 −
≪ 1 does not expand the physically allowed region considerably as we have seen in the previous paragraph. Therefore, in the following we will usually employ the simpler condition (8) rather than (7) when we check if the adiabatic condition [16, 17] (that is introduced in the next paragraph) when combined with (7) results in identification of the fields in each interval η i < η < η i+1 as fields in an effective Minkowski space.
The form of (3) implies that we have an effective Minkowski space given by [18] 
where the masses of the particles are time dependent, andx i are related to (1) by dx
. This together with the condition (5) implies we may use the tools of the usual perturbative quantum field theory for calculation of the rates and cross sections in an effective Minkowski space given by (9) for each of the process given in Figure   1 , i.e. one may take the masses be constant during a process and use the usual formulas for the rates and cross sections of the usual (Minkowski space) quantum field theory and then we take masses of the particles during the next process be another constant time and calculate the rates and cross sections for that process, and so on. Eq.(5) insures that a possible contribution to the particle physics processes due to a change in effective masses and decay widths [12] and gravitational particle production [19] is small since the change in the effective mass of the particles is small [14] . This may also be seen as follows: The fields φ andχ may be expanded in their Fourier modes; for example,
where r = (x 1 ,x 2 ,x 3 ), a p are the expansion coefficients that are identified by annihilation operators after quantization, v p are the basic normalized solutions of the equation of motion ofχ. In the time interval between two particle physics processes (such as those in Figure 1) one may considerχ particles to be free particles, so they satisfy
We require that the variations inm (5)). This, in turn, implies that the variation in ω 2 p of (11) with time is small since p does not depend on time. Therefore we may adopt WKB approximation [14] so that v p in the time interval between η i and η i+1 is given by
where W p , by (11), satisfies
(13) may be solved approximately, for slowly varying ω p , as
where ( (8)) also implies that (2) W p ≃ 0. This may be seen as follows:
where
. By (5), the last term in the square brackets in (15) is much smaller than one, so in order to show that (15) is almost zero the remaining terms in (15) must not be much larger than one. We observe that After using (6) and
dt 2 , and
provided that (5) is satisfied. After using (15) and (16) The above analysis shows that, when (5) is satisfied, (0) W p = ω p = constant is a good approximation in each time interval η i < η < η i+1 , so we may take
Hence (10) may be expressed as
where (i) refers to the ith time interval between the ith and (i + 1)th processes.
In fact one may impose
whenever (5) is not satisfied. However,in that case one can not identify the modes with larger wavelengths as single particle because their wavelengths overlap and the usual scattering theory that is employed in this study does not work. In fact the same is true for (5) for the modes with larger wavelengths than the one corresponding to ∆ t = 1 nχβσ v but, in this case, the modes with larger wavelengths become correlated in any case (and Bose-Einstein condensation may develop), so this formulation becomes inapplicable since all modes behave as a single entity and the present formulation does not apply. Therefore we adopt (5) rather than a smaller ∆ t.
In fact, we have seen in the paragraph after (7) that there is a phenomenologically relevant parameter space where (5) is satisfied. However, in the case when (5) is not satisfied one may adopt a smaller ∆ t and use this formulation for the modes with sufficiently shorter wavelengths.
An important comment is in order at this point. In the case m (6)) the effective massm i becomes tachyonic.
However a ′′ a gets sufficiently small by time so that the particle masses become real after some time for all physically relevant cases (e.g. as given in (6) (6)). Therefore the case of s ≥ 2 (e.g. of radiation and stiff matter) is safe in this regard while, in the the case of s < 2 (e.g. cosmological constant, matter, radiation), H 2 should be sufficiently small compared to m 2 χ so that the problem of tachyons do not emerge. After combining this constraint with those discussed after (7) one notices that there is still a significant relevant available parameter space left. The conclusions obtained after (7) remain intact for radiation and stiff matter dominated eras, and the conclusions obtained for the current accelerated expansion era still hold provided that m χ is not smaller than ∼ H 0h ∼ 10 −33 eV.
III. REALIZING THE CONDITIONS FOR CONDENSATION
A. Achieving coherence and correlation
The phase space evolution of φ particles may be determined by the evolution of the distribution function for one of the final state particles [11] through the equation
where the notation d 3 p is used (rather than d 3 p) to prevent any possible confusion between 3-vector p and 4-vector p while we prefer the notation d 3 p when there is no danger of confusion, and˜refers to the effective Minkowski space (9),f i =f ( p i , η) is the number density in phase space corresponding to (9) . Here p are
where˜'s in (21) refer to the metric (9) while the quantities without˜refer to (1). The equality in (21) follows from extremization of the action for a free particle of mass m i.e.
mds where m =m χ , ds = ds for the metric (9) and m = m χ , ds = ds for the metric (1).
In the case of (1) M in (20) denotes the transition matrix element for χχ → φφ which is dominated by the tree-level diagrams in Figure 1 . TheM corresponding to Figure 1 
where the sub-index (i) refers to the i'th particle, and we have used p = 1 a p, x = a x where x is the physical length scale. Hence (20) in terms of the quantities corresponding to (1) reads
Here we have used (23) , and
δ(x); M is obtained fromM by M =M replacing the quantities corresponding to (9) by those corresponding to (1); E is found fromẼ by replacing the quantities corresponding to (9) by those corresponding to (1) and then multiplying it by 1 a i.e.
In the following paragraphs of this section we prefer to use (20) because of its simplicity while we will use (34) in the following section.
In the center of mass frame, conservation of energy amounts to
where k and p are p 3 and p 1 in the center of mass of the system, respectively. Note that p, k do not depend on time, so (26) is satisfied (provided that (5) is satisfied), in general, only at the moment of each transition χχ → φφ. It is evident from the right-hand side of (26) that it may not hold at later times. Therefore one may use it in the evaluation of the cross sections and the integral in (20) while it should not be used for studying the cosmological evolution of the relation between a particular p, k pair (while it may be used for cosmological evolution of a generic k provided that cosmological evolution of a generic p is given) .
In this study we assume that the momentum of the χ particles that have enough energies to induce χχ → φφ processes satisfy 0 ≤ | p| min < | p| < | p| max , and the spatial distributions of the χ particles in this range are homogeneous and isotropic. This condition together with the fact thatñ χ (η) = d 3pf (i) ( p , η), (whereñ χ is the number density of χ in the co-moving frame defined by (9)), in turn, suggests that
where Θ denotes Heaviside function (i.e. unit step function). In fact, provided that, we
may be set to 1. However we keep that term since it makes (27) an even function in an analytical way, this, in turn, makes the identification of the delta function in (32) easier as we shall see. Another important comment is in order here; although (27) may not be the only choice that is isotropic and compatible withñ
has the virtue of being in the form of distribution function of the density perturbations of inflaton (or other scalar fields) in the inflationary era. In inflationary models the form of the classical cosmological perturbations of the scalar fields have the same form as that of vacuum fluctuations due to squeezing of the quantum states that leave the horizon and then reenter it [20, 21] (while there also some studies that question the rigor of this formulation [22] ).
We take χs participating in χχ → φφ to be due to super-horizon modes of perturbation just after inflation so that they do not have enough time to thermalize, sof (i) does not have a thermal distribution i.e. we assume that the distribution of χ in phase space is similar to that of the perturbations of inflaton just after inflationary era as given in (27). In other words we assume that the source of the χ fields in χχ → φφ processes is χs in the superhorizon modes of the vacuum fluctuations of χ (or those due to decays of inflaton in the super-horizon modes of its perturbations) after inflation. Note that the form of the power spectrum of the super-horizon modes (that leave and reenter the horizon) and their origin i.e. the quantum vacuum fluctuations of the fields in the inflationary era have the same form. Therefore the distribution function obtained in Appendix A for the quantum vacuum fluctuations has the same form as (27) which is a (semi) classical distribution.
The distribution of φ particles in phase space at early times after the start of the process χχ → φφ may be determined from (20) after using (27). For sake of simplicity we consider the initial times wheref (f ) ( p j , η) ≃ 0, j = 3, 4. Then (20) becomes
where we have used
Note that the | k | max dependence in (29) is eliminated by making use of
while (31) implies that, for a fixed p 4 , there exist the largest number |α| max | that maximizes
− p 4 | where P max = ± (3 + |α| max ) p 4 that is obtained after combining these two results.
Eq.(26) tells us that | k | max goes to zero by time. The rate of the process in the reverse direction φφ → χχ is proportional to the the relative velocities of φs, so it is proportional to | k |. These two phenomena together imply that the average value of | k | and its maximum value | k | max approach zero by time. This verifies the assumption k encourages for a more comprehensive study. Therefore we have only shown the tendency towards condensation rather than proving its formation. For a rigorous check of formation of condensation one must repeat the same steps for all times including the times when the effect of Bose statistics can not be ignored (i.e. including the times whenf (f ) ( p j , η) cannot be neglected on the right hand side of (20)) and then solve the equation forf (f ) ( p 4 , η) and
show that it has a delta function of the form of (32). This needs a separate study by its own in future.
The second condition for formation of Bose-Einstein condensation is the requirement of the overlap of the de Broglie wavelengths of the φ particles i.e. the condition
(that guarantees the long range correlation of the system at late times) is always satisfied for | k max | → 0. (Note that the co-moving number densityñ is related to the number density byñ = a 3 n.) In the following paragraphs we show that the final condition for Bose-Einstein condensation (in cosmology), namely, sufficiently fast production of φ particles so that the number density of φ, n φ may reach a sizable finite value in the presence of cosmological expansion is realized in the present model. 
where differential of cross section dσ is
In the case where the variation of dσ withẼ 1 ,Ẽ 2 is smallf 1f2 and dσ in (34) we would
Thus (34) may be expressed as
where β is a constant that corresponds to average effective depth of the collisions,σ is the total cross-section of the process,ṽ is the average relative velocity of two initial particles in the space defined by (9) . 
Here
where we have used the fact that v is the (relative) peculiar velocity of the particles (in a cosmological context). After using n = C(t) a 3 one obtainṡ n + 3H n =Ċ a 3 where n(t) =
so, after comparing (38) and (36) for the process the process χχ → φφ one obtainṡ
One may solve (39) to determine C φ , and hence n φ once the dependence of σ on a(t) is determined [6] . We take p 2 ≫m 2 χ , k 2 ≪m 2 φ , so (22) , after using (26) may be approximated byM
The cross section for χχ → φφ in the effective Minkowski space (form φ ≫m χ ) is given
where we have used the approximationM =
There are three different possible cases:
The case iii) above should be excluded to get rid of troublesome tachyons. Therefore the cases i) and ii) remain as the only safe choices. In the case of (6), i) implies that˙a For the case i) above we have |˙a
of redshift by (21) . In this case (39) results iṅ
where we have taken
which includes all simple interesting cases e.g. radiation, matter, stiff matter, cosmological constant dominated universes. After integrating out (43) we find
where C 1 = C χ (t 1 ) is the value of C χ at the start of the conversion of χs to φs. After the use of (39) and (45) one obtains
We see that n φ = C φ a 3 may reach finite values if C φ ∝ a r where r > 0 since C φ is initially zero. At initial times where t ≃ t 1 , (46) may be approximated by
which may be expressed as
where (49) is the tachyon free case, so is the physically safe option. (48) and (49) imply that C φ initially has higher values for s < 2 while while C φ grows faster for s > 2. At late times (46) may be approximated by
for s − 2 > 0 and
for s − 2 < 0 and
where (51) is the tachyon free case, so is the physically safe option. (50) and (51) imply that if the processes χχ → φφ continue till very late times then C φ may reach its maximum value C 1 for s > 2 while it will be smaller than that value in the case s < 2. However the conclusions for late times here are not wholly reliable since we have neglected the effect of statics and the effect of the processes φφ → χχ which can not be neglected while they can be neglected at initial times. Eqs. (50) and (51) that would correspond to full Bose-Einstein condensation and in that case the whole system behaves as a single quantity, so the usual formulation of scattering in terms of single particles in quantum field theory does not work. In fact, our aim in this paper is to show how curved space effects promote formation of Bose-Einstein condensation in a model that contains φ 2 χ type of interaction terms rather than to show that an effective Minkowski space formulation works in all cases in cosmology. We hope that this formulation and this study may give an additional insight in understanding formation of Bose-Einstein condensation in cosmology.
IV. CONCLUSION
In this study χχ → φφ processes that are induced by φ 2 χ terms in the Lagrangian in a flat Robertson-Walker background are considered. Some conditions on the rate of χχ → φφ processes and the magnitude of the curvature with respect to the particle masses are imposed so that the spacetime is effectively Minkowskian at the time scale of each individual process to make the analysis simpler. In the preceding sections it is shown that all conditions of the pre-condensation of φ particles are satisfied in this setup. A more comprehensive study of the effect of Bose-Einstein statics through numerical calculations must be done in future to show the same behaviour in later stages of evolution of Bose-Einstein condensation (except the final stage where condensation is wholly achieved since at that stage the usual scattering theory of quantum field theory that is employed in this study cannot be used).
This setup has a promising prospect that the same trilinear coupling φ 2 χ induces φφ → φφ processes that may provide the conditions for thermalization of φ particles and correspond to an effective λφ 4 term in the Lagrangian. This point deserves a separate study by its own in future. This scheme, in addition to providing a microscopic description of BEC at the particle physics level, has an additional advantage of providing redshift dependent λ, so providing a richer phenomenological prospect. This property of the scheme will be more evident in future studies where the approximate analysis in this study is extended to a more general framework.
